A new experimental technique for the accurate measurements of wakefields is presented. Knowledge of wakefields is required for many applications ranging from the suppression of wakefields that arise from geometrical discontinuities to the enhancement of wakefields in structure and plasma based wakefield accelerators. In the past, direct measurements of wakefields were done with the drive-witness technique wherein the delay of a short witness beam trailing collinearly behind a high-charge drive beam is scanned over multiple shots and the wakefield is inferred from the energy spectrum of the witness beam. That technique is limited by shot-to-shot jitter, overlap of the drive and witness energy spectrum and the loss of all time-domain information. In this paper, we describe a new technique that overcomes these limitations by measuring the longitudinal phase space of a long witness beam and the drive beam in a single shot. We conclude by presenting experimental results to demonstrate its feasibility using a dielectric structure wakefield accelerator.
I. INTRODUCTION
Wakefields are an important class of collective effects in many branches of accelerator physics and their accurate measurement is a key to many applications. Wakefields in traditional accelerator beam lines are associated with deleterious effects: beam loading in accelerating structures, beam breakup instability in storage rings, emittance dilution in linear colliders, etc. [1] [2] [3] . On the other hand, wakefields are associated with beneficial effects for the development of advanced accelerators: future TeV-scale high energy colliders and compact multiuser free electron laser facilities [4] [5] [6] [7] . In both cases, accurate measurement of the wakefield is a key to the success of the application.
Direct measurements of the wakefield have traditionally been done with the drive-witness technique [8] [9] [10] [11] [12] wherein a high-charge drive beam is used to excite wakefields and a short, pointlike witness beam is used to probe the wakefield. In this technique, the trailing wakefield is measured by scanning the delay between the pointlike witness beam and a drive beam while the change in energy of the witness beam is measured with a spectrometer. The accuracy and sensitivity of this measurement is limited by two main factors: (1) A time delay scanning tool is necessary and the duration of the witness beam and the jitter of the delay both act to smear out the wakefield measurement [9, 11, 12] . ( 2) The drive beam's self-wakefield is especially difficult to measure since the spectrometer only measures the integrated energy spectrum of the drive bunch and loses the time information so that the longitudinal electric field inside the drive beam can only be inferred. This implies that the derived quantity (for example, the transformer ratio [13] [14] [15] ) must also be inferred since it depends on the peak self-wakefield experience by the drive bunch. Given these limitations there is a demand for a measurement of the wakefield experienced by the drive and witness beam in order to accurately characterize the wakefield accelerators.
In this paper, we introduce a single-shot wakefield mapping method for direct measurement of the wakefield. This technique is a modification of the traditional scanning drive-witness technique [12] wherein a long witness bunch replaces the short one and a single-shot longitudinal phase space (LPS) measurement system [16] replaces the spectrometer. This method overcomes the limitation of smearing out the wakefield since no scanning is needed because the long witness bunch probes the wakefield over a full wavelength and the LPS preserves the time information. Further, since the drive and witness bunches do not overlap in time then even the self-wakefield of the drive bunch can be measured. Although this paper only describes the measurement of the longitudinal wakefield, in principle, this method can also be used for measurement of the transverse wakefield.
The paper is organized as follows: in Sec. II we introduce the theory of the single-shot wakefield mapping method, which includes the introduction of long witness beam and LPS system along with the beam dynamics and resolution analysis; in Sec. III we present a simulation and an experimental demonstration of the method for the recent high transformer ratio enhanced experiment conducted at the Argonne Wakefield Accelerator (AWA) facility.
We chose this experiment as an example since it is inline with the AWA research program where two different advanced acceleration methods are studied. One approach, known as two-beam acceleration, radio frequency (rf) power is extracted from a drive decelerating structure with a waveguide and is injected into a second structure to accelerate a witness beam [17] [18] [19] . In the other approach, collinear wakefield acceleration (CWA), a leading highcharge drive bunch passes through a slow-wave structure and excites a wakefield which is used to accelerate a trailing low-charge witness beam [6, 8] . A key difference between the two is that CWA can easily be used at high frequency since it does not rely on waveguide components which are not readily available at high frequency (e.g. THz domain). Two important figures of merit of CWA are the acceleration gradient (E z ) and the transformer ratio (TR). For a given structure geometry and bunch shape, E z is proportional to the drive bunch charge and the TR is defined as the ratio of maximum accelerating field behind the drive bunch to the maximum decelerating field within the drive bunch [8] . In order to demonstrate the feasibility of the CWA scheme, it is essential to compare its design figures of merit, Ez and TR, with the values achieved during the experiment. The measurement of TR has not been easy with the traditional method due to the second drawback mentioned before, thus making this THz-scale CWA demonstration experiment an excellent test of our new method.
II. SINGLE-SHOT WAKEFIELD MAPPING METHOD
The main idea of the drive-witness method is to directly measure the wakefield by using a drive bunch to excite the wakefield and a trailing witness bunch to probe the wakefield. The key modifications of our new method are to use a long witness bunch and single-shot LPS system to achieve a more accurate wakefield mapping. We first introduce the interaction between the long witness bunch and the wakefield and then discuss the single-shot LPS system and its underlying beam dynamics.
A. Long witness bunch and its interaction with wakefield
The interaction between the wakefield and the long witness bunch can be described as follows. The situation for the drive beam is the same as with the traditional method. With no loss of generality, let us consider a drive bunch with a Gaussian longitudinal distribution (Fig. 1 , solid blue line) used to excite a monopole wakefield (red dashed line) in a slow-wave structure. The electrons inside the drive bunch (navy blue dots) experience a deceleration wakefield and lose energy according to their time delay. In the energy space, the energy of the particles will change from their initial positions (in this case 0) to the positions of sky blue dots as indicated by arrows. The first step to improve the measurement is to use a witness bunch with a long temporal duration, but with low charge, as the new probe. Here "long" means that the length of the witness bunch can be compared to the wavelength of the wakefield being measured, as shown in Fig. 1 where red dots occupy one wavelength in the time domain. The energy change of electrons inside the witness bunch follows the wakefield amplitude versus time. Therefore, the sky blue dots and the light red dots, i.e. the energy of the drive and (long) witness bunch, contain a map of the wakefield and if we can measure the energy gain of the drive and witness at each time slice then we will have measured the longitudinal wakefield in a single shot. This long witness technique does not need a scanning tool which allows us to overcome the first drawback mentioned in the introduction part. Now we can go to the second step in improving the measurement which could overcome the second drawback of the traditional method by replacing the spectrometer with a single-shot LPS measurement system based on a transverse deflecting cavity and a spectrometer. This system is described in detail in the following text.
B. Longitudinal phase space mapping
The single-shot LPS measurement system consists of a transverse deflecting cavity (TDC), a spectrometer and focusing optics. The spectrometer bends the beam in the horizontal direction and the TDC kicks it in the vertical direction so that the energy and the temporal distribution are projected onto two orthogonal axes in a twodimensional surface. In the following text, the x represents the horizontal direction and the y refers to vertical direction. The single-shot LPS beam line layout we used for the experiment is shown in Fig. 2 .
The two quadrupoles located between the TDC and spectrometer are used to focus the beam in the x and y directions to improve the resolution.
In this section, we present the beam dynamics analysis to illustrate how this system will work for wakefield mapping and an example of resolution analysis for our experimental setup in the AWA facility.
Thin-lens first order beam dynamics
We first analyze the LPS system using thin-lens approximations for the TDC and quadrupoles. This simplification is useful to understand the beam dynamics while also giving reasonably accurate results. We use coordinates ðx; x 0 ; y; y 0 ; z; δÞ to represent the six-dimension phase space of a particle, where x, y, z refer to the particle coordinates with respect to bunch barycenter, x 0 ≡ p x =p z ; y 0 ≡ p y =p z ; δ ≡ ðp − p 0 Þ=p 0 stand for transverse divergence and relative energy spread. All of the following analysis is under the relativistic approximation (reciprocal Lorentz factor 1=γ → 0 and β → 1).
The first order beam transport matrix from Position A to Position B in Fig. 2 can be expressed as (1), beam horizontal and vertical coordinates at Position B can be expressed as
If we minimize the contributions from the initial horizontal and vertical terms in Eq. (2), then the energy and temporal terms will dominate in x B and y B . In other words, the longitudinal phase space can be taken from the x-y cross section of the beam image using a beam observation tool, for instant, a fluorescent screen. Note that there is an R 13 B term which means final x B is correlated with initial y A , since this vertical term and other vertical terms contributing to final y B cannot be minimized simultaneously, a vertical slit should be located in front of TDC to mitigate the affection from y A on x B . The horizontal beam size and vertical beam size at Position B can be written by
Two quadrupole magnets in the measurement beam line can be used to minimize the contribution of initial horizontal and vertical terms in Eq. (3). However, optimization of these quadrupoles during the experiment is impractical, due to the difficulty of finding the analytical solution to implement during the experiment. Here we introduce an experimental method to find the optimal quadrupoles setting to minimize the initial transverse effects. An additional screen is introduced at the location C where the contributions to beam size from the initial transverse are linear to the one at location B. In this way the quadrupoles setting can be found by watching the beam size at location C during the operation. Its principle can be stated as follows: first, consider the transport matrix from A to C when the TDC and spectrometer are off,
where b ≡ ρ sin θ is the dipole effective length, θ refers to bending angle, ρ represents the radius of curvature of bending trajectory. All the expressions of R ij C can be found in Appendix B. Similar to Eq. (3), the horizontal and vertical beam size at Position C can be expressed as
We noticed that when the drift length L 4 and L 5 have the following relationship,
where tan ϕ i and tan ϕ e refer to the effective vertical focusing angle at incident and exit pole of the dipole due to edge focusing effect (their explicit expressions are shown in Appendix A), then the horizontal and vertical related elements in matrix M AB and M AC have the dependency as
where
Note here ζ x and ζ y only depend on the spectrometer geometry and the drift length behind the spectrometer. Substituting Eqs. (5) and (7) into Eq. (3), we get the beam horizontal and vertical size at Position B as
We now describe how to use the quads to minimize the effect of the transverse phase space (TPS) on the resolution of the LPS measurement. The first terms in the above expressions for the horizontal (or vertical) beam size at position B are proportional to the spot size at position C. Therefore, if quads setting are found to focus the beam to a smallest beam size at Position C (with TDC and spectrometer off), it will minimize the effect of the initial horizontal and vertical terms on the LPS measurement. This provides a simple practical method that can be used during the experiment to suppress the error of LPS measurement caused by beam initial TPS. For example, in an experiment following steps can help us to achieve better measurement for LPS. First, design the bending and straight section drift length (L 4 and L 5 ) to be matched with Eq. (6). Second, tune the doublets strength to make as small beam size as possible at Position C with TDC and spectrometer off, then turn on the TDC and spectrometer to analyze the beam image at Position B.
Inspecting Eq. (6), when the dipole geometric length b is determined, the L 4 and L 5 are only dependent with bending angle θ, i.e. for a specific θ value, there is only one solution for Eq. (6). In Fig. 3 , we present an example of L 4 and L 5 versus different bending angle θ when b ¼ 0.365 m.
Thick-cavity effect
In our case, the thick-lens effect of the quadrupole will not break the zero terms in Eqs. (1) and (4), which means the Eq. (9) will not add any additional terms related to beam phase space compared to the thin-lens quadrupole case. The only affection is that the explicit expressions of R 11 B , R 12 B , R 33 B and R 34 B in Eq. (9) are different, which would not affect our following analysis. Therefore, the thin-lens approximation for the quadrupole is good enough so we keep it. However, the thick-cavity matrix of TDC could introduce new terms into Eq. (9) so that in this section we take the TDC finite length of L T into consideration.
The : ð10Þ
The superscript * means the new elements which are different from the ones of the thin-lens matrix; all the explicit expressions of matrix elements are exhibited in Appendix B. In the same way, we could also derive the thick-cavity form of transport matrix M AC as M AC ¼ 2 6 6 6 6 6 6 6 6 6 4
The method to minimize the effect of the initial TPS still works for the thick-cavity case, which means Eq. (9) can be updated to
From the equation above we can see that the energy projection is deteriorated by multiple terms such as nonzero R Ã
B
and R Ã 15 B which are proportional to the TDC strength κ according to Appendix A; it means that though the higher TDC strength could increase temporal measurement resolution, it could also deteriorate the resolution of energy measurement due to thick-cavity effect.
Resolution analysis
The definition of resolution is the minimum difference of the signal that can be distinguished. In Eq. (12), in order to study the energy information in σ x B and time information in σ y B , we can define the energy and temporal resolution as
where v c is the speed of light, σ x other and σ y other are the terms contributed by other terms except energy or time. According to Eq. (12), their explicit expressions can be expressed as
Theoretically, we could calculate the resolution through Eqs. (13) and (14); it is affected by many variables such as spectrometer bending angle θ and TDC kick strength κ. Since the θ is not easy to change once the chamber is fabricated and the κ is limited by the rf power, both of them should be well designed prior to other variables such as drift length. Thus we present the analysis of resolution versus bending angle θ and TDC kick strength κ to give a guide when designing the LPS measurement system.
The resolution at different bending angles and kick strengths is calculated in the following steps. First, according to the geometry of our existing hardwares, we set the drift length
The L 4 and L 5 are set to the values complying to Eq. (6) for each different θ value. At this point, the geometric variables of the LPS measurement system are settled. Second, we choose particle tracking simulation since it is not easy to include the function of slit in matrix calculation. As an example, we used a typical 6D beam phase space CS parameters, which is obtained from the simulation based on the AWA beam line model when electron bunch charge is 15 nC, see Table I . As stated before, a slit with 100-μm vertical aperture is placed before TDC to eliminate the initial vertical terms affection on energy measurement. The doublets quadrupole settings are numerically found to achieve the minimum x and y beam size at Position C for each θ and κ when TDC and spectrometer are turned off. Finally, the beam phase space at Position B is achieved in the particle tracking simulation, σ x other and σ y other are calculated according to Eq. (14), then the resolution could be obtained according to Eq. (13) .
The resolution result with respect to each ðθ; κÞ point is shown in Fig. 4 . Higher TDC strength could provide better temporal resolution, but it would deteriorate energy resolution mainly due to the R Ã2 15B σ 2 z A term in Eq. (14) . On the other hand, the dispersion of dipole will increase as the bending angle increases which results in a better energy resolution.
III. DEMONSTRATION OF MAPPING METHOD
In order to demonstrate the feasibility of the mapping method, we present the start-to-end simulation and the experiment results based on the high transformer ratio experiment [20] conducted at the AWA beam line. The AWA beam line is shown in Fig. 5 ; it can be divided into four sections. The first section consists of a L-band 1.5-cell photoinjector and six standing-wave linacs acting as the acceleration elements. In the second section, the beam is sent to the emittance exchange (EEX) beam line which has the function of exchanging the beam longitudinal space with transverse space [21, 22] . The third section is the wakefield generation section which consists of a dielectriclined slab (DLS) as the wakefield accelerating structure. It consists of a 150-μm thickness layer of quartz with permittivity ϵ r ¼ 3.75 and copper coating on one side. Its width in the x direction is 1.27 cm and the gap of vacuum in the y direction ranges from 0 to 3.1 cm corresponding to different frequencies of eigenmode. The last section is the LPS measurement system, which has the same configuration as shown in Fig. 2 . Its geometric parameters are exhibited in Table II . The spectrometer bending angle θ and TDC kick strength κ are designed to be 20°and 2 which are determined by our hardwares in the AWA. According to the resolution result in Fig. 4 , the energy resolution here is 0.06% and the time resolution is 0.124 ps corresponding to frequency up to 8 THz.
A. Start-to-end simulation demonstration
The start-to-end simulation is implemented by GENERAL PARTICLE TRACER (GPT) code, which includes the space charge effect and coherent synchrotron radiation effect [23, 24] . An 8-MeV bunch is generated by the photoinjector and accelerated to energy of 48 MeV by linacs. A transverse mask is placed at the entrance of the EEX beam line to intercept the beam to a triangular (drive) and a rectangular (witness) shape transversely as shown in Fig. 6 . After the phase-space exchanging process, this feature is mapped into longitudinal at the EEX exit so that a triangular drive bunch and a long witness bunch are generated for wakefield measurement. The drive bunch longitudinal profile at the EEX exit and its predicted wakefield generated in DLS are shown in Fig. 7 . The tail of the triangle is not as sharp as in the initial transverse space, which is due to the perturbation of coherent synchrotron radiation [21, 25] . The total length of the witness bunch is designed to be longer than one wavelength of wakefield fundamental mode as described in Sec. II A, thus the wakefield can be measured with single shot. Figure 8 shows an example of single-shot LPS mapping. Part (a) is the original LPS before the TDC2 but after the slit, which corresponds to position A in Fig. 2 . After setting the quadrupoles according to the method stated above to suppress the affection from initial transverse phase space, the beam x-y cross image taken at YAG3 is shown in (b). Since the x represents the energy and y refers to time, we could reconstruct the LPS using this image and plot it with the original one at the same picture, see (c). Since we concentrate on the wakefield versus time t, we could calculate the average energy at each time slice so that the average profile of LPS is obtained and shown in (d). The average profiles from both cases match well with each other which indicates that the beam image at YAG3 is a good representative of LPS before TDC2.
Next, the wakefield of the drive bunch can be derived by the following procedure. First, the beam images of both drive with witness and witness alone at wakefield on/off are taken at YAG3 and shown in Fig. 9 . Wakefield on means that the wake function of DLS is applied in simulation and it corresponds to the experimental situation where the DLS gap is small. Conversely, wakefield off means that the wake 
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function of DLS is not applied in simulation and it corresponds to the experimental situation where the DLS gap is large. Second, calculate the average LPS profile of each image then take the difference between wakefield on and off at each time slice to achieve the measured wakefield. Note that the witness energy gain induced by itself wakefield should be subtracted out from the total amount. Then we could get the wakefield inside and behind the drive bunch from measurement image data. The measured and analytical wakefield are shown in Fig. 10 . The results show that the reconstructed wakefield matches well with the analytical one which means our method is practical, thus we could use this technique to measure the wakefield in the experiment.
B. Experiment results
Afterwards, we conducted the experiment in the AWA beam line which is shown in Fig. 5 . During the experiment, a pulsed UV laser with homogenized transverse distribution [26] is delivered into the photoinjector to generate an electron bunch with 20 nC charge. The beam image at the EEX entrance (after the beam was shaped by the transverse mask) is shown at Fig. 11(a) . At the exit of the EEX, the drive bunch temporal profile is measured by TDC2 at YAG2 shown in Fig. 11(b) . We can see that the drive bunch has a quasitriangular distribution, although it still should have a high transformer ratio. The DLS gap size is set to be 2.1 mm which corresponds to the wakefield with fundamental frequency of 130.7 Applying the postprocess method that was described in the simulation section above, we get the measured wakefield which is compared with the analytical wakefield and shown in Fig. 12 . The analytical one is calculated using the measured longitudinal profile of the drive bunch in Fig. 11(b) and Green's function of DLS [27] . As seen in the figure, the measured wakefield inside and behind the drive bunch matches well with the analytical ones.
Here we present an application of this single-shot wakefield mapping technique. The transformer ratio is an important figure of merit in the collinear wakefield accelerator, however, due to the small loss energy of the drive bunch, it is very hard to directly measure this quantity by the traditional drive-witness method. In contrast, using this THz single-shot wakefield mapping technique, we can get the temporal and energy information and reconstruct the wakefield precisely so that it is possible to directly measure it with single shot. For example, from the measured wakefield shown in Fig. 12 , we can calculate the ratio of maximum energy gain of the witness bunch to the maximum energy loss of the drive bunch as 4.94 AE 1.53, of which the error bar is computed from the average profile jitter. Here the maximum energy gain of the witness refers to the second peak after the drive bunch; it is because the drive bunch tail reaches into the first peak region so that it cannot be used for witness acceleration. The TR derived from the analytical wakefield is 4.86, which has an excellent agreement with our measured value. It demonstrates that the wakefield measurement technique can be a general solution to solve the problem of accurate TR measurement.
IV. CONCLUSION
In this paper, we introduced a single-shot wakefield measurement system which utilizes a long witness as the probe and single-shot longitudinal phase space mapping system. The beam dynamics of the LPS measurement system was fully discussed and expressions for its resolution were given. Furthermore, we come up with a practical approach to minimize the effect of the transverse phase space on the longitudinal phase space measurement. Both a start-to-end simulation and a proof of principle experiment performed at the AWA facility have been presented to demonstrate the feasibility of the technique. In the paper, we concentrated on the longitudinal wakefield measurement, however, this setup can be easily extended for measurement of the transverse wakefield. For example, once the drive beam is injected into the slowwave structure with an offset to the axis, it will excite the transverse wakefield and the trailing long witness bunch will receive the transverse kick. The long witness bunch phase space p x − z can be projected into to x-y cross image with a TDC and a long drift. Thus the transverse wakefield W ⊥ ðzÞ could be reconstructed. Since this method not only has the ability of measuring the long range wakefield but also of measuring the short range wakefield with high resolution, it can be a general tool for wakefield measurements.
APPENDIX B: ELEMENTS IN M AB AND M AC
We define a parameter list as below:
Using the parameters above we can simplify the expressions of all the elements in transport matrices M AB and M AC of both the thin lens and the thick lens; the explicit expressions can be written in Tables III-VI.   TABLE III . Elements of M AB in the thin-lens case. Element Expression
Element Expression
R 11 B ¼ 1 f 1 f 2 cos θ½L 2 N 1 − f 1 ðN 1 − f 2 Þ − f 2 ðL 2 þ N 1 Þ R 12 B ¼ 1 f 1 f 2 cos θfL 1 ½L 2 N 1 − f 2 ðL 2 þ N 1 Þ − f 1 ½ðL 1 þ L 2 ÞN 1 − f 2 ðL 1 þ L 2 þ N 1 Þg R 13 B ¼ κðρ − ρ cos θ þ L 4 tan θÞ R 16 B ¼ ρ − ρ cos θ þ L 4 tan θ R 21 B ¼ 1 f 1 f 2 sec θðL 2 − f 1 − f 2 Þ R 22 B ¼ 1 f 1 f 2 sec θ½f 1 ðf 2 − L 1 − L 2 Þ − L 1 ðf 2 − L 2 Þ R 23 B ¼ κ tan θ R 26 B ¼ tan θ R 33 B ¼ 1 ρf 1 f 2 fρ½θρ þ L 4 N 2 ðϕ e Þðf 1 þ f 2 þ L 2 Þ − ½L 4 N 3 − ρN 2 ðϕ i ÞðL 2 L 3 þ f 1 f 2 þ f 2 L 2 þ f 1 L 3 þ f 2 L 3 Þg R 34 B ¼ 1 ρf 1 f 2 fρ½L 1 ðf 2 þ L 2 Þ þ f 1 ðL 1 þ L 2 Þ þ f 1 f 2 ½θρ þ L 4 N 2 ðϕ e Þ þ½f 1 ðL 1 þ L 2 Þðf 2 þ L 3 Þ þ L 1 ½L 2 L 3 þ f 2 ðL 2 þ L 3 Þ þ f 1 f 2 L 3 ½−L 4 N 3 þ ρN 2 ðϕ i Þg R 35 B ¼ κR 34 B R 43 B ¼ − 1 ρf 1 f 2 f½L 3 N 3 − ρN 2 ðϕ e ÞðL 2 þ f 1 Þ þ N 3 f 2 ðf 1 þ L 2 þ L 3 Þ − f 2 ρN 2 ðϕ e Þg R 44 B ¼ 1 ρf 1 f 2 f½ρN 2 ðϕ e Þ − L 3 N 3 ½L 1 L 2 þ f 1 ðL 1 þ L 2 Þ þ f 2 ðf 1 þ L 1 Þ − N 3 f 2 ½f 1 ðL 1 þ L 2 Þ þ L 1 L 2 g R 45 B ¼ κR 44 B R 51 B ¼ − 1 f 1 f 2 ½N 4 ð−f 2 þ L 2 − f 1 Þ þ f 1 f 2 sin θ − f 2 L 2 sin θ R 52 B ¼ − 1 f 1 f 2 fN 4 ½L 1 ðL 2 − f 2 Þ − f 1 ðL 1 þ L 2 Þ þ f 1 f 2 − sin θf 2 ½L 1 L 2 − f 1 ðL 1 þ L 2 ÞgR 11 C ¼ 1 − 1 f 1 L 2 − 1 f 2 ðb þ L 3 þ L 5 Þ þ 1 f 1 f 2 ðL 2 − f 2 Þðb þ L 3 þ L5Þ R 12 C ¼ b þ L 1 þ L 2 þ L 3 þ L 5 − 1 f 1 L 1 L 2 − 1 f 2 ½ðL 1 þ L 2 Þðb þ L 3 þ L 5 Þ þ 1 f 1 f 2 L 1 ðL 2 − f 2 Þðb þ L 3 þ L 5 Þ R 21 C ¼ − 1 f 1 f 2 ðf 1 þ f 2 − L 2 Þ R 22 C ¼ 1 f 1 f 2 ½f 1 ðf 2 − L 1 − L 2 Þ þ L 1 ðL 2 − f 2 Þ R 33 C ¼ 1 þ 1 f 1 L 2 þ 1 f 2 ðb þ L 3 þ L 5 Þ þ 1 f 1 f 2 ðL 2 þ f 2 Þðb þ L 3 þ L5Þ R 34 C ¼ b þ L 1 þ L 2 þ L 3 þ L 5 þ 1 f 1 L 1 L 2 þ 1 f 2 ½ðL 1 þ L 2 Þðb þ L 3 þ L 5 Þ þ 1 f 1 f 2 L 1 ðL 2 þ f 2 Þðb þ L 3 þ L 5 Þ R 43 C ¼ 1 f 1 f 2 ðf 1 þ f 2 þ L 2 Þ R 44 C ¼ 1 f 1 f 2 ½L 1 ðf 2 þ L 2 Þ þ f 1 ðf 2 þ L 1 þ L 2 Þcos θL T ½−L 2 N 1 þ f 1 ðN 1 − f 2 Þ þ f 2 ðL 2 þ N 1 Þ R Ã 14 B ¼ 1 2 κL T ðρ − ρ cos θ þ L 4 tan θÞ R Ã 15 B ¼ 1 4 κ 2 L T ðρ − ρ cos θ þ L 4 tan θÞ R Ã 22 B ¼ R 22 B − 1 f 1 f 2 sec θL T ðf 1 þ f 2 − L 2 Þ R Ã 24 B ¼ 1 2 κL T tan θ R Ã 25 B ¼ 1 2 κ 2 L T tan θ R Ã 34 B ¼ R 34 B þ 1 ρf 1 f 2 L T fρðf 1 þ f 2 þ L 2 Þ½θρ þ L 4 N 2 ðϕ e Þ þ ½ρN 2 ðϕ i Þ − L 4 N 3 ½L 2 L 3 þ f 1 ðf 2 þ L 3 Þ þ f 2 ðL 2 þ L 3 Þg R Ã 35 B ¼ R 35 B þ 1 2 κðR Ã 34 B − R 34 B Þ R Ã 44 B ¼ R 44 B − 1 ρf 1 f 2 L T f½L 3 N 3 − ρN 2 ðϕ e Þðf 1 þ f 2 þ L 2 Þ þ N 3 ðf 1 f 2 þ f 2 L 2 Þg R Ã 45 B ¼ 1 2 κðR Ã 44 B − R 44 B Þ R Ã 52 B ¼ R 52 B þ 1 f 1 f 2 L T ½N 4 ðf 1 þ f 2 − L 2 Þ þ f 2 sin θðL 2 − f 1 Þ R Ã 54 B ¼ 1 2 κρL T ð−θ þ sin θÞ R Ã 55 B ¼ 1 þ 1 4 κ 2 ρL T ð−θ þ sin θÞR Ã 12 C ¼ b þ L 1 þ L T þ L 2 þ L 3 þ L 5 − 1 f 1 ðL 1 þ L T ÞL 2 − 1 f 2 ½ðL 1 þ L T þ L 2 Þðb þ L 3 þ L 5 Þ þ 1 f 1 f 2 ðL 1 þ L T ÞðL 2 − f 2 Þðb þ L 3 þ L 5 Þ R Ã 22 C ¼ 1 f 1 f 2 ½f 1 ðf 2 − L 1 − L T − L 2 Þ þ ðL 1 þ L T ÞðL 2 − f 2 Þ R Ã 34 C ¼ b þ L 1 þ L T þ L 2 þ L 3 þ L 5 þ 1 f 1 ðL 1 þ L T ÞL 2 þ 1 f 2 ½ðL 1 þ L T þ L 2 Þðb þ L 3 þ L 5 Þ þ 1 f 1 f 2 ðL 1 þ L T ÞðL 2 þ f 2 Þðb þ L 3 þ L 5 Þ R Ã 44 C ¼ 1 f 1 f 2 ½ðL 1 þ L T Þðf 2 þ L 2 Þ þ f 1 ðf 2 þ L 1 þ L T þ L 2 Þ
